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0. Statement of results. We find here some extensions of the Erdos-Rado Theorem that 
answer some longstanding problems. Ordinary partition relations for cardinal numbers are 
fairly well understood (see [EHMR]), but for ordinal numbers much has been open, and 
much remains open. For example, any proof of the simplest version of the Erdos-Rado 
Theorem seems to yield 

For any regular cardinal «, if p < k then (2 <K ) + — > (k + l) 2 , 

but to replace k + 1 by k + 2 seems quite a nontrivial problem. In this paper we will prove 
that if k is regular and uncountable, then 

Theorem 3.1. Vfc < u V£ < logK (2 <K ) + -> + 

Theorem 4.1. \/n,k < uj (2 <K )+ -> (p, (k + n) fc ) 2 , where p = k" +2 + 1. 

Theorem 5.1. Vn < w (2 <K )+ • w -»• (k • n)\. 

The actual version of 5.1 is slightly stronger. Here logK is the least cardinal p such 
that 2^ > «, the exponentiation in 4.1 is ordinal exponentiation, and the products in 5.1 
represent ordinal multiplication. For k = uj, 3.1, 4.1, and 5.1 all follow from the known 
result u>i — > {ol)\ for all a < u)\ and all k < uj (see ), so the uncountable case is the 
interesting one. 

The proofs make use of elementary substructures of structures of the form (H(p), g) 
where H(p) is the set of all sets hereditarily of cardinality < p, and of ideals on ordinals 
generated from such elementary substructures. It is possible to recast our arguments in 
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such a way as to fit them under the heading of ramification arguments but we choose not 
to do so, both because the proofs remain clearer this way, and because we believe that this 
may generally be a better approach to ramification arguments. 

The proof of 4.1 also uses a metamathematical trick seen in [BH] for countable ordinals. 
Our approach is to prove 4.1 in a generic extension of the universe obtained by ^-closed 
forcing, and then to argue that it must therefore be true. 

Several open problems remain. The simplest versions are whether any of the following 
are provable from GCH: 

IV 3 -> (U2 + 2)1 

oo 2 -> « +2 + 2,^i +2) 2 
or whether the following is provable from CH: 

1. Terminology. Our partition calculus notation is standard. If x is a set and A is a 
cardinal then [x] x = { y C x : \y\ = A }, [x] <x = \J{ [x] R : k < A}, and [x]- x = [x] <x+ . 
Usually, but not always, such a A is finite. The ordinary (ordinal) partition relation 
a — > means that V/ : [a] 2 — > \x 3X C a X has order type (3 and is homogeneous for 
/, i.e., / is constant on [X] 2 . Here a and (3 may be ordinals; \i is always taken to be a 
cardinal. If f(x) = i for all x G [X] 2 then we say X is i-homogeneous. The unbalanced 
relation 

A -> (7o,7i 5 --- 5 7n-i) 2 

means that V/ : [A] 2 — > n 3X C \ 3i < n X has order type 7^ and is z-homogeneous. We 
abbreviate 

A^(a,/3,/3,/9,-..,/?) 2 

by A — > (a, (/9) n ) 2 if there are n occurrences of /3. 

If k and A are cardinals, then \ <K = J2{ A^ : \i < k }. Clearly 2 <K > k. If k is regular 
then k <k = 2 <K . 
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If (N,e) is an elementary substructure of (H(X),e) (i.e., (N,e) -< (H(X),e)) then 
we often abbreviate this by A" -< H(X). The G-relation is always understood. Suppose k is 
regular, A" -< H(k ++ ), \N\ = k and a = Nr\n + < n + . Then we may define an ideal I on a 
as { X C a : 3A E A" a (fi A and X C iV}. Clearly I contains all bounded subsets of a. If 
in addition 2 <K = k then it is quite possible that [iV] <K C N, and we generally work with 
sets A" with this property. Note in that case that I is K-closed, i.e., if ji < k and X t E I 
for i < /x, then |J{ Xi : i < ji } G /. This follows from the fact that if Ai E N for each 
i < [i and a £ Ai, then ( A { : i < fi) E N since [N] <K C N so A = \J{ Ai : i < /j,} E N 
and a ^ A. 

If 7 is an ideal on a then I + = {X C a : X £ 1} and 7* = {XCq;:q;-Xg/}. 
Note that if I is not proper, then I + = and I* = I. If I (a, (3) is an ideal then we write 
I + (a,f3) instead of I(a,f3) + . 

If N -< H(k ++ ) as above, S E N and a G S, then 5 , flK + must be cofinal in k + . If not, 
an upper bound is definable from S and k + , both of which lie in (k + E N since it is the 
largest cardinal in N), so the upper bound must be < a, which is impossible. It follows 
that Sda is cofinal in a. In fact, S(l k + is actually stationary in k + , since otherwise there 
would be closed unbounded C E N with S DC = 0. But then C fl a is unbounded in a so 
a G C, which is impossible. 

We often use variations of the ideal I to produce large homogeneous sets for a partition 
function f E N. Such arguments can also be made using ramification ideas. A very good 
introduction to the ideas we plan to use is in Section 2, where a simple version of the 
Erdos-Rado Theorem is proved with these techniques. 

In Section 4 we will use the notions of stationary and closed unbounded subsets of 
[X] K : where X is a set such that \X\ > k + . We assume the reader is familiar with these 
notions. 

2. The Erdos-Rado Theorem. In this section we present a slightly nonstandard proof 
of the Erdos-Rado Theorem, and an associated result, using elementary substructures. 
Our goal is to prepare the way for an extension of the Erdos-Rado Theorem to be proved 
in the next section. 
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Theorem 2.1. (Erdos-Rado [ER]) Let k be a regular cardinal and let A = (2 <K ) + . Then 
A — > (k + I) 2 for all fj, < k. 

Proof. Fix / : [A] 2 -> /x < «. Choose AT -< 77(A+) such that / G AT, \N\ = 2 <K , 
[N] <K C A" and A" fl A = a < A. (Note that this implies cf a = k. If cf a < k then some 
cofinal subset x oi a would be an element of N, and a = [jx so a G N, contradiction.) 
Let I a = { X C a : 3 A GiVa^A and IC A}. Then 7 a is a ^-complete ideal on a since 
[N] <K C AT. 

For z < |it let 77j = { /3 < a : f{(3, a} = z }. Then (J{ iifj : z < /i } = a so for some z 

Hi e l+. 

Claim. If Hi E 1+ , X C Hi and AT G 7+ then 3Y C X Y is i-homogeneous of order 
type k. 

This will suffice since then Y U {a} is i-homogeneous of type k + 1. 
It will suffice to show 

Lemma 2.2. If X C 77j, X g 7+, a; C X, |x| < k and a; is i-homogeneous, then 3/3 G X 
(3 > supx and x U {(3} is i-homogeneous. 

Proof. Let Z = { 7 < A : V5 G x/{<5, 7} = i }. Then Z G iV and a G Z so a - Z G 7 a . 
Since X G 7+ we have AT fl Z G 7+ as well. Now choose (3 G X fl Z, (3 > supx. 

Using the same methods we can do a little better. 

Theorem 2.3. As in Theorem 2.1, let k be regular, A = (2 <K ) + , /j, < k and f : [A] 2 — > 
Tien 3 A C A 3z < A is i-homogeneous and either \A\ = A and z = or else A has type 
« + 1 and i > 0. (7n short notation A — > (A, (« + I ) M _i) 2 J 

Proof. We use the notation of the previous proof. If 77j G 7+ for some i > we are 
done, so assume 77j G 7 a for all i > 0. Then (J{ 77j : z > } G 7 a so for some AT G A^ we 
have a G AT and AT H a C 77 . If in AT we define 7 = {/? 6 1 : V7 G An/3 /{ 7 , /?} = }, 
then a £ Y. Hence \Y\ = A and is clearly 0-homogeneous. 

Remark. Theorem 2.3 is a well known result of Erdos, Dushnik and Miller. See [DM], 
for example. To get the rest of the Erdos-Rado Theorem with this approach (i.e., the 
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version for partitions of n-element sets) simply proceed via end-homogeneous sets, an 
approach which is itself highly adaptable — and well known — in the context of elementary 
substructures. Details are left to the reader. 

3. A balanced extension of the Erdos-Rado Theorem. In this section we seek 
an improvement of the Erdos-Rado Theorem, Theorem 2.1. This will require a clearer 
analysis of the ideals I a defined in Section 2. 

Recall that log k is the least cardinal [i such that 2^ > k. 

Theorem 3.1. Let k be a regular uncountable cardinal, and let A = (2 <K ) + . Then V7c < uj 

V£<log« \^( K + t)i 

Some parts of this theorem are already known. In unpublished work, Hajnal proved 
Theorem 3.1 for k = u\ and k = 2 about thirty years ago. Shelah proved Theorem 3.1 for 
the case k = 2 in [Shi, §6]. 

The rest of this section will be devoted to the proof of Theorem 3.1. 

Fix / : [A] 2 — > k, and let {N a : a < A) be a continuous sequence of elementary 
substructures of H(X+) such that / G N , \N a \ = 2 <K , N a G N a+1 and [N a ] <K C N a+1 . 
We call a sequence continuous if each limit point is the union of the preceding elements. 
We may assume that { a : N a n A = a } is closed and unbounded in A. Note that if 
aG5'o = {a:iV Q nA = a and cf a = k } then [N ce ] <K C N a . 

If a G S then let I a = { X C a : 3A G N a a (£ A and X C A }. 

Lemma 3.2. Let S C Sq be stationary. Then there is closed unbounded CCA such that 

\/aeCnSSnael+. 

We refer to a as a reflection point of S. 
Proof of Lemma 3.2. Let (M a : a < A) be a continuous sequence of elementary 
substructures of H(X+) such that N a C M Q , |M Q | = 2 <K and S G M . Let = \J{ N a : 
a < X } and let C = { a : M a n N = N a }. If a G C n 5 1 then S 1 fl a G l£ since otherwise 
there is A G A^ a C M a such that S C A and a ^ A, which is impossible. [Note: we really 
only know that S (la C A fl a, but since M a we must have M a |= S 1 C A and since 

M a -< H(X + ) : it is true that S C A. We will leave such remarks tacit in future.] 
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For i < k let fi(a) = {(3 < a : /{/?, a} = z }. 

Next, if a is a sequence of length n of elements of /c we define an ideal 7(a, a) for 
a G «S n , where S n+ i = { a G S n : a is a limit point of }. The definition is by induction 
on n = length(cr). Let 7(a, ()) = 7 a . If a = r^{i) then put 

Xel(a,a) iff {/3 < a : In n /3 G 7+(/3,r) } G 7 Q . 

Notice that some of the I(a, a) may not be proper. As part of the proof of the Erdos-Rado 
Theorem we essentially made the easy observation that there exists i such that I {a, (i)) is 
proper. 

Lemma 3.3. We always have I a C /(a, a). 

Proof. Once again we proceed by induction on length(a). Suppose a = r^{i). We 
may assume 7(ct, a) is proper. Let A G I a . then 3 A G N a X C A(~) a and a £ A. We 
may as well assume X = A n ct. Since a is limit and A G A a we know 37 < a A G iV 7 . 
Suppose (3 < a, 7 < and A fl /3 G 7+(/3, r). Then by inductive hypothesis A n /3 G Tg" so 
[3 e A. Thus 

{ /3 < a : (A n a) n /i(a) n (3 G /+(/?, r) } C { (3 < a : A n /3 G I + (/3, r) } C A n a G 7 Q , 

so A fl a G /(a, a) as desired. 

Now we extend an observation made in the proof of the Erdos-Rado Theorem. 

Lemma 3.4. IfXCa and X G 7+ (a, cr) thenVj G range a 3W C X W is j -homogeneous 
and \W\ = k. 

Proof. The proof is by induction on length(a). We may assume a = r^(i). If 
j G range(r) then we may apply the inductive hypothesis to X fl (3 G 7 + (/3, r) for some 
(3 < a. So suppose j = i. As in Lemma 2.2 let us argue that if x C X, \x\ < k and 
x U {a} is i-homogeneous then 3£ G A £ > supx and a; U {£} U {a} is z-homogeneous. 
Let A = { (3 : x U is z-homogeneous }. Then A G N a and aeAsoo-Ae 7 a . By 
Lemma 3.3 a — A G 7(ck, a), so A fl A G 7+ (a, a). Hence there is (3 < a, (3 > supx, such 
that A n A n fi(a) n /3 G 7+(/3, r). Now just choose £ G A n A n fi(a) with £ > supx. 
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Given an ordinal p and a finite sequence a of elements of k we define what it means 
for x C A to be (p, a)-good. x is (p, ())-good iff x is a singleton. If a = then x 

is (p, cr)-good iff x = |J{ : £ < p } where each is (p, r)-good, £ < p < p implies 
supa^ < inf x,,, and whenever £ < 77 < p, 7 G a;^ and 5 G then /{7, 5} = z. Note that 
any (p, a)-good set must have order type p n where n = length(<r). 

Lemma 3.5. If x is (p, a)-good then Wi G range a 3y C x y is i-homogeneous and has 
order type p. 

Proof. Easy by an induction on length(cr). 

Lemma 3.6. If X G i" + (a, a) then Vp<n3xCXxis (p, a)-good. 

Proof. Say a = r^{i). We construct x = \J{x^ : ^ < p} C X (1 fi(a). By induction 
on £ we obtain (p, r)-good x% C X n fi(a). Suppose a;,, has been obtained for 77 < £. 
Since p < k we know G iV a for each 77 < £ and hence (a^ : 77 < £) G iV a . Thus 
A = {/3 : Vp < £ V7 G a^ /{7,/5} = 7 } G iV Q . Moreover, a G A G I* C 7*(a, a), 
so X n A G I + (a, a). Find /3 < a such that Inin/^n^ G r) and choose 

(p, r)-good X£ C X (~) A (~) fi(a) (~) f3. We may assume f3 is large enough so that we may 
choose x^ with supx,, < mina^ for all 77 < £. The rest is easy. 

Recall that an indecomposable ordinal is an ordinal power of u>. An indecomposable 
ordinal is characterized by the property that whenever p = A U B, either A or B has order 
type p. 

Lemma 3.7. If p is indecomposable, x C A is (p, a)-good, m < cj and x = (J{ tj : j < m} 
then 3j 3y C y is (p, a) -good. 

Proof. Let a = T^{i) and let ( x^ : £ < p ) witness (p, a)-goodness of ar. By inductive 
hypothesis for each £ < p there is < m and 77^ C x% fl tj^ such that y^ is (p, r)-good 
(this is trivial if r = ()). Since p is indecomposable there is j such that { £ : j(0 = J ' } has 
order type p. Let y = \J{ y$ : j(0 = j }• Then y C t,- and 7/ is (p, a)-good. 

If a is a finite sequence of elements of let fa- (a) = \J{ fi(a) : i G range a }. 

Recall that we defined S n +i = { a G S n : a is a limit point of S n }. Thus S u = 
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f]{ S n : n < U! } differs from So by a nonstationary set, and /(a, cr) is defined for all a 
whenever a G S w . 

If T C Su, is stationary and a G T, let E(a, T) = { a : a is one-to-one, length(a) > 1, 
and T (~) a E I + (a, a) }. Note that if a is a reflection point of T then E(a, T) 7^ 0. 

Lemma 3.8. There is stationary S C and E such that for all stationary T C S there 
is a closed unbounded set C such that Vet G T n C E(a, T) = E. 

Proof. Note that if a 6 T C 5 then E(a, T) C E(a, Choose descending sequences 

S u = T D Ti D T 2 D . . . and E D E x D E 2 D . . . 

such that Vn Va G T n+ i E(a, T n ) = E n , the T n are stationary and E n+ i is a proper subset 
of E n . Since each E n is finite this process must end after finitely many steps. Let S and 
E be the final elements of each sequence. 

Clearly E ^ 0. Choose a G E maximal with respect to inclusion. 

Lemma 3.9. There are a G S and stationary T C S such that V/3 G T a — f a ((3) G I (a, a). 

Proof. Suppose the Lemma is false. Then for each a G S there is closed unbounded 
C a such that V/3 G C a n S a - f a ((3) G a). 

Let C = {/3:VaG/3n5' j3 G C a }, the diagonal intersection of the C a . Then C is 
closed unbounded. Let a G £ be a reflection point of C D S 1 with a G S(a, S). For all 
/3 G C fl S 1 fl a there must be i ^ range(a) such that (3 fl G cr). Fix z < k such 

that {(SeCn^na^n G a) } G /+. But now clearly if r = cr' _x (z) then 

S 1 fl a G / + (a, r), contradicting maximality of a. 

Now we are ready to put all this material together to complete the proof of Theorem 

3.1. 

Fix an indecomposable ordinal p < log k. It will suffice to find a homogeneous set of 
order type k + p. Let a and T be as in Lemma 3.9. Choose (3 > a such that E(/3, T) = E. 
Since T fl f3 G I + (f3,a) there is x C T that is (p, cr)-good. We may assume minx > a. 
Also, since I(a 7 a) is ^-complete we know F = \J{ a — f a (/3) : 13 G x } G /(a, a). For each 
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7 G a — F define g 7 : x — > range(a) by <7 7 (/3) = /{7,/S}. Since |x| < logn there is g such 
that {7 : g 1 = g} G I + (a,a). Also, by Lemma 3.7 3i g~ x (i) is (p, cr)-good. 

But now by Lemma 3.4 3W C { 7 : g 1 = g } such that is z'-homogeneous, and by 
Lemma 3.5 we may find y C g~ l (i) such that y is z'-homogeneous. Also, if 7 G and 
13 E y than ^{7, /?} = <7 7 (/3) = = z so U y is i-homogeneous of order type k + p, 
and the proof is complete. 

4. An unbalanced extension of the Erdos-Rado Theorem. It is natural to ask if 
Theorem 3.1 can be improved in the same way that Theorem 2.1 was improved to Theorem 
2.3. For example, is it true under CH that u 2 — > (<jJ2,<^i + 2) 2 ? Hajnal showed in [Ha] 
that if GCH holds and k is regular, then k + k + 2) 2 , and Todorcevic has shown in 

unpublished work that this remains the case when k is singular. Thus the best we could 
hope to prove under CH would be — > (a, u>\ + 2) 2 for all a < u>2- In this section we will 
prove (a generalization of) an improvement of part of this. 

Theorem 4.1. Suppose k is regular and A = (2 <K ) + . Then A — > (p, (k + n)k) 2 for all 
n,k < uj, where p = k u+2 + 1. 

Here k u+2 represents ordinal exponentiation. Recall that the partition relation means 
that if / : [A] 2 — > k + 1, then either there is a 0- homogeneous set of order type p or else 
there is an i-homogeneous set of type k + n for some i > 0. 

The rest of this section will be devoted to the proof of Theorem 4.1. The strategy of 
the proof is to derive Theorem 4.1 from the auxiliary assumption Q{k), which asserts that 
2 <K = k and in addition that 

(*) V(/ Q : a < K +) C k k 3g G k k Va 3 V < k V£ > ry f a (0 < g(£). 

Then, rather as in [BH], we observe that the assumption Q(k) is unnecessary, and therefore 
that Theorem 4.1 holds in ZFC. 

Let us deal with this latter observation first. 

Let .Po be the natural K-closed ordering for making 2 <K = k. Then in V p ° we have 
A = k + . Working in V p ° and using a standard iterated forcing argument (as in [Ba]) we 
can force (*) to be true via a partial ordering Pi that is K-closed and has the A-chain 
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condition. Let P = Po * P\. Then P is re-closed and in V p A = re + and Q(k) holds. Note 
that in V p we will have 2 K > re + (since for one thing that is implied by (*)). 

Assuming we have proved Theorem 4.1 under the assumption Q(k) we may assume 
it holds in V p . Assume / : [A] 2 — > k + 1, where / G V. Then in V p there is A C A such 
that either (a) A is O-homogeneous of type p or (b) A is z-homogeneous of type re + n, 
where i > 0. Suppose (a) holds. Note that re^+ 2 + 1 is the same whether computed in 
V or in F p . Let h : re — > p be a bijection with /iGK In F p fix an order-isomorphism 
j : p —> A. Now, working in V, find a decreasing sequence (p^ : £ < re) of elements of P 
and a sequence : £ < re) of elements of A such that V£ \\— j(h(£)) = This is 
easy to do by induction on £, using the fact that P is re-closed. But now it is clear that 
{ct£ : !; < k} E V has order type p and is O-homogeneous. Case (b) may be handled the 
same way. 

From now on, assume Q(re) holds (so A = re + ). 

We begin with a couple of observations about order types. The only use of Q(k) will 
be in Corollary 4.3 below. 

Lemma 4.2. Let n < u, n > 1, a < re + , and assume a has a cofinal subset of type re n . 
Then for every f : re — > re there is a set A(f, n, a) of order type re n cofinal in a such that 

(i) if A is cofinal in a of type re n then 3f A C A(f, n, a) 

(ii) VA, h if V£ < re h(0 < / 2 (0 then A{ft, n, a) C A(f 2 , n, a). 

Proof. The proof is by induction on n. Suppose n = 1. Let ( : £ < re) be an 
increasing, continuous sequence cofinal in a with ct = 0. Let A^ = a^+i — and let 
Ji£ : re — > A^ be onto. Define n, a) = (J{ /i£ "/(C) : £ < K }• It is easy to see that this 
works. 

Now suppose n > 1. Let (ai£ : £ < re) be as above. If < (3 < ct£+i then for 
1 < z < n\etA'(f,i,(3) = A(f,i,f3)n(a a+1 -az) i£A(f,i,0) is defined; let A'(f,i,f3) = {f3} 
otherwise. Let A(f, 0,(3) = {13}. Now let / : re — > re. We must define A(f, n, a). We may 
regard / as being defined on re x re, i.e., / : re x re — > re, and we define /f by f^(r)) = /(£, 77) 
for £, 77 < re. Let /i : re — > a be a bijection. Now let 

A(f, n, a) = A(f , 1, a) U |J{ A' (ft, i, h(£)) : /i(£) G A(/ , 1, a), z < n }. 
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Since A(f ,l,a) has type k, it is clear that |J{ A f (fe, i, h(£)) : h(£) E A(f ,l,a) fl 
(a v +i — os v ) } has type < K n for fixed r\. Thus A(f , 1, a) has type at most K n . 

It is clear that condition (ii) is satisfied. Let us check (i). Fix K« cofinal of type n n . 
For r] < k let A v = A fl (a^+i — a v ). Then A v has type < K n so there is a family such 
that \F V \ < k, A v = \J F V: every B E F v has type « l for some i < n (possibly i = 0), and if 
B,C E F v and B ^ C then sup S < inf C or sup C < inf S. Let H v = { sup B : B E F n }. 
Now choose / : k x k — > « so that (J{ if,, : 77 < k } C A(/ , 1, «) and whenever £? E F v , B 
has type k 1 for z > 0, and supi? = j3 = h(£), then B C z, /?). But now it is clear that 

A C 

There may be special circumstances in which the n, a) as defined above have 
order type < K n . This defect may be remedied by choosing a fixed set of order type K n 
cofinal in a and adjoining its elements to every A(f, n, a). 

Corollary 4.3. (Q(k)) Let a < k + and let A 1 , 7 < k + , be a sequence of sets of order 
type K n cofinal in a, where 1 < n < u. Then we may write k + = [j{ X^ : £ < k } where 
\J{ A 1 : 7 E X^ } has order type K n for each £. 

Proof. First suppose n < uj. For each 7 choose / 7 : k — > k such that A 1 C A(/ 7 , n, a). 
Use Q(k) to find / : k — > k such that V7 3£ 7 V77 > £ 7 / 7 (r/") < /(??)• Thus there is 
s 7 : £ 7 — > «; such that if <7 7 = s 7 U — £ 7 ) then Vry f 7 (rj) < g 7 (rj). By k <k = k there are 
only k functions s 7 so we may write k + = \J{ X^ : £ < k } where if 7, 5 E X^ then s 7 = s§, 
so g 1 = gs- But then 

|J{ A 7 : 7 E X£ } C |J{ A(/ 7 , re, a) : 7 G ^ } C A(# 7o , n, a) 

by Lemma 4.2(h) where 70 is any member of JQ. 

Now suppose n = uj. For each 7 < k + let # 7 (0) = and if 1 < m < uj let <7 7 (m) be 
the supremum of the first K m elements of A 7 and let A™ = A 7 fl [<7 7 (m — 1), g 1 (m)). Since 
k w = k we may write k + = (J{ : £ < k } where for each 7, 5 G we have g 7 = (7,5. 
And now by the earlier case, for each m we may write = [j{Y^ : n < k}, where 
U{ A™ : 7 E YJ£j } has order type K m for each £ and 77. For each 7 let h 7 (m) = (£,77) if 
7 G 1^. Finally put k + = |J{ : £ < k } where for 7, 5 G we have /i 7 = h$. It is easy 
to check that this works. 
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This is the only use of Q(k) that we need. 

For the main proof let us fix a partition function / : [A] 2 — > k + 1, and assume that 
there is no z-homogeneous set of type k + n, where i > 0. We must find a 0-homogeneous 
set of type p. 

If H(X + ) is the collection of sets hereditarily of cardinality < A, then / G H(X + ). Let 
S = { N : N -< H(X+), \N\ = k, N n A G A, / G AT, and [N] <K C N}. Then 5 is a 
stationary subset of [H(X + )] K . 

Define tt : S -> A by tt(A^) = AfflA. If T C £ is stationary then let J T = { X C A : 
7r _1 (X) fl T is nonstationary }. It is easy to see that Jt is a normal ideal on A. 

Claim 4.4. Let f < u + 2. Then 

(a) IfTCS is stationary, then there is a set C closed and unbounded in [H(X + )] hL such 
that for all N G C flT, if A G N and n(N) G A then there is x <E N such that 
x C Af] 7r(T), x is of order type k^, and x U {ir(N)} is 0-homogeneous. 

(b) If T C S is stationary then there is stationary U C T and x C 7r(T) such that x is 
0-homogeneous of type and Va G x V/5 G tt(^) /{a, /?} = 0. 

Let us observe that Claim 4.4(a) for £ = uj + 1 will complete the proof. Fix iV G Cn>S. 
By induction on 7 < « we define Ay G A" with 7r(Af) G Ay and x 7 C Ay such that x 7 
has order type k u+1 and x 7 U {7r(n)} is 0-homogeneous. Let A be arbitrary and choose 
xq as in 4.4(a). Suppose Ay, x 7 have been determined for 7 < 5. Since A" G 5 we know 
[AT] <K C JV so ( £ 7 : 7 < 5 ) G A" Thus 



A5 = < a : M{ x 7 : 7 < 5 } U {a} is 0-homogeneous and sup M{ x 1 : 7 < 6} < a \ G A" 



and tt(N) G A5. Choose x$ C Aj as in 4.4(a). This completes the construction. And now 
1J{ x 1 : 7 < k } U {n(N)} is 0-homogeneous and has order type k^ +1 -k + 1 = k^ +2 + 1 = p, 
as desired. 

Thus we may devote the rest of the section to Claim 4.4. The proof is by induction 
on f. 



Let us begin the induction by showing that (b) holds for £ = 0. If there is a a G 7r(T) 
such that X a = {13 : f{a,/3} > 0} G J^7, then let a; = {a} and £7 = T n tt -1 ^. If 
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not, then the diagonal intersection X = { f3 : Vet < f3 f3 ^ X a } belongs to J^t", hence has 
cardinality A. But now by Theorem 3.1 there is an i-homogeneous set of type k + n for 
some i > 0, contrary to hypothesis. 

Next we show (b) implies (a). If (a) is false, then there is stationary S' C S such 
that the assertion in (a) fails for all iV G S'. By normality of the nonstationary ideal on 
[H(X + )] K there is a single set A and stationary T C S' such that A is a counterexample to 
(a) for all N <ET. Since n(N) G A for N G T we have tt(T) C A. Let x and U be as in (b). 
Then x C 7r(T) C A fl 7r(5") and x is of type k,^. Since x G H(X + ) there must be iV G £7 
with x <E N. Moreover xU {ir(N)} is 0-homogeneous, so A is not in fact a counterexample 
for TV, contradiction. 

We now concentrate on showing that (a) for £ implies (b) for £ + 1, provided £ < cu. 

Let T be as in (b), let C be as in (a), and let ( iV Q : a < A ) be an increasing continuous 
sequence of elements of C with [A^ a ] </t C N a+1 . Let N\ = |J{A^ a : a < A}. We may 
assume that for all iV G T, if tt(AT) = a then iVn^ = # a . (If (N n iV A ) - ^ (7V ) ^ 
for stationarily many N, then for stationarily many iV there is a common element of 
(NnN\)-N n ^ N ), and this is impossible.) We also assume that if iV G T and NnN\ = iV a , 
then iV a n A = a. 

Let E be the set of all one-to-one sequences a of elements of k + 1 such that <r(0) = 0. 
For each a G n(C fl T) and each a G So we will define an ideal /(a, a) on a. Each /(a, a) 
will contain all bounded subsets of a but will not necessarily be closed under countable 
unions. 

First suppose a = (0). Choose iV G T n C with 7r(iV) = a. Let ( A 7 : 7 < k) 
enumerate {AeNiaeA}. We define ( x 1 : 7 < k ) by induction on 7 so that x 1 E N , 
Xj has type and x 1 U {a} is 0-homogeneous. Suppose x 7 , 7 < 5, has been obtained. 
Let 

A = p|{A 7 : 7 <5}n|/3:/3> sup{ x 7 : 7 < 5 } and V7 < 5 V/3' G x 7 /{/?, /?'} = }. 

Note that A G iV since it is definable from ( A 1 : 7 < 5 ) and ( x 7 : 7 < 5 ) , both 
of which are in N, and clearly a G A. By 4.4(a) choose £5 G AT, 0-homogeneous of 
type K,^, such that C An ttCO- Thus x(a) = \J{ x 7 : 7 < k } is 0-homogenous 
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of type and is cofinal in a since for any (3 < a A — (3 = A 7 for some 7. Let 

I(a, (0)) = { X C a : X n x(a) has type < }. 

Now suppose r G So and a = r^(i). Let I a be the ideal on a generated by {Ada: 
A G N a , a <£. A }, as in the previous section. Recall that fi(a) = { (3 < a : /{/?, a} = i }. 
For IC«, putlG I(a, a) iff { /3 < a : X n n /3 G /+(/?, r) } G 7 Q . 

Next we prove analogues of Lemmas 3.3, 3.4, and 3.9. 

Lemma 4.5. I a C /(a, a) for a G 7r(C n T), a G E . 

Proof. Let X G 7+ (a, a). If a = (0), then by construction X n A 7^ for all A G iV a 
with a G A. Thus X E l£. Suppose a = r^(z), where r G S . Let A G iV Q , a G A. Since 
a is limit 37 < a A G iV 7 . Choose /3 such that 7 < /3 < a, (3 G A, and X n /3 G f + (/3, r). 
By inductive hypothesis X n (3 G /J, so X n /3 n A 7^ 0. Thus X n A ^ so X G 7+. 

Lemma 4.6. If X G f + (o,cr), then for all j G range a, if j > then X contains a 
j -homogeneous set of type k. 

Proof. We proceed by induction. Say a = r^(i) where r G E . The induction will 
handle the case j G range r. It will suffice to show, as in Section 3, that if x U {a} is i- 
homogeneous and \x\ < k then 3/3 G X—x xU{/3, o} is i-homogeneous. Let A = { 7 : xU{7} 
is i-homogeneous }. Then A G iV Q and a <E A. Since X G f + (a,cr) there is 7 G A such 
that X fl fl 7 G f + (7, r). We may choose 7 large enough that A G iV 7 and 7 > supx. 
Thus X n fi (a) n 7 n A 7^ and we may choose (3 G X n /i(a) n 7 n A, /3 > sup 

For /3 < A and a G E , let f a (f3) = \J{ fi((3) : i G range a }. 

Lemma 4.7. There are a G E , a G 7r(C fl T), and stationary T' C T such that o G 
f + (a, a) (i.e., /(a, cr) is proper) and V/3 G 7r(T") a — /<r(/3) G /(a, a). 

Proof. For a G 7r(C flT) we know n(T) G f + (a, (0)). Choose a Q G E maximal with 
respect to inclusion such that 7r(T) G f + (o, a), and let U C C fl T be stationary such that 

Vo G 7I"({7) ct q = 0". 

Suppose the Lemma is false. Then for each a G ir(U) there is C a G such that 
V/3 G C a a — G 7+ (a, a). (Recall that J v = { X C A : Tr^pT) n U is stationary }.) 
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Since Jy is normal, the set C\ = { (3 : Vet < (3 (3 E C a } E also. By Lemma 3.2 there is 
closed unbounded DQ such that Va E Dnn(U) n(U)r\a E /+. Fix a E DnC x nn(U). 

If (3 < a and (3 E tt(U) then a E Cp so there is i, % ^ range a, such that fi(a) fl (3 E 
I + (f3,a). Since k is finite we may fix i such that { (3 < a : (3 E rc(U) and fi(a) fl (3 E 
I + (/3,a) } E l£. But this means that I(a,a^{i)) is proper contrary to the assumption 
about the maximality of a. 

One more lemma will allow us to complete this part of the proof of Claim 4.4. 

Lemma 4.8. Let a < A and a E S be arbitrary. If X E cr), Y E I (a, a) and 

Y C X, then 3(3 < a x{(3) n X has type k^ +1 and Y n x{(3) has type < k^ +1 . 

Proof. If o = (0) this is clear. Just take (3 = a. Suppose a = r^(i) for r E E . 
Then we can find (3 < a such that X fl fi(a) fl (3 E I + (f3, r) and Y fl (3 E /(/?, r), so we are 
done by inductive hypothesis. 

Finally, let a, a and T" be as in Lemma 4.7. For (3 E tt(T') let = [j{ fi((3)na : i E 
range a, % > }. Let F C 7r(T') be maximal such that { n{ g{(3) : (3 E x } : x E [F] <UJ } C 
a). (It is possible that F = 0.) 

First, suppose \F\ = A. Let G be an ultrafilter on a such that {g{(3) : (3 E F} C 
G C J + (a,a). Thus for each (3 E F there is such that fi ((3) Ha E G. Find z so that 
F' = {f3 E F : ip = i} has cardinality A. We may assume we are proving Theorem 4.1 
by induction on k, so by A — > (A, k) 2 , which follows from Theorem 2.3, we may assume 
there is x C F' z-homogeneous of cardinality n. But now the set f]{ fl a : /3 G a; } 
belongs to I + (a, a) so by Lemma 4.6 must contain an z-homogeneous set H of type k. And 
now H U x is z-homogeneous of type « + n, contrary to our hypothesis about the partition 
function /. Thus \F\ < A. 

From the maximality of F it follows that if iV E T' and 7r(N) F then there is a 
finite set y N C F such that fl{fi , (/5) : e 2/jv } - /o( 7r (A r )) G /(a, a). Since |F| < A there 
is y such that T" = { N E V : y N = V } is stationary. For N E T" let a N = f]{ g{(3) : 
[3 E y} — fo(n(N)). By Lemma 4.8 there is f3 N < a such that x(f3 N ) n f|{ diP) '■ (3 E x} 
has type k^ +1 and x{(3n) H has type < There is stationary T w C T" and /5 such 

that V" = { N E T" : N = (3 }. 
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By thinning out T'" we may assume without loss of generality that each ajy for 
N G T'" is such that Q (x(/3) Pi C) U^jv where ( < supx(/3) and b^ has type k v for some 
rj < £, and that ?7 and ( are the same for all N. Now it follows from Corollary 4.3 that 
T'" = \J{ T s : 5 < k } where for each o, [J W : ^ G T 6 } has type < Pick such 5 for 

which T s is stationary. Let ?7 = T s and let a; = x((3)nf]{ g((3) : (3 G y }-\J{ a N : N eT s }. 
Then x is O-homogeneous of type k^ +1 and Va G x V/3 G 7r(C7) /{a, /?} = 0. 

This completes the proof of Claim 4.4(b) for £ + 1 from Claim 4.4(a) for £, provided 

To complete the proof of Claim 4.4, and hence Theorem 4.1, let us observe that 4.4(a) 
for £ = oj follows from 4.4(a) for £ < uj. Let C n be a closed unbounded set as in 4.4(a) for 
i = n, and let C = f|{ C n : n < u }. Let N <E C f)T, A <E N, and n(N) G A. By induction 
on n choose x n G iV as follows. Let a; be as in 4.4(a) for £ = 0. Given x m for m < n, let 



Then A„6iV and tt(N) G A, so we may find x n G iV as in 4.4(a) with A replaced by A n . 
But now x = {J{x n : n < uj} E N and satisfies 4.4(a) with ^ = uj. 

5. An extension of the Erdos-Rado Theorem to ordinals. In this section we 
prove a theorem implying that if CH holds then for any n < u there is m < uj such that 
uj 2 ■ m ^ {uji ■ n)\. This is an improvement of a result of Shelah [Sh2] that implies under 
similar circumstances uj™ — > ■ n)\. 

Let A be a set and let k < uj. A set-mapping on A of order k is a function p : A^> [A] <k 
such that a ^ p(a) for all a E A. Given such a mapping p, a set F C A is said to be free 
for p if Va, b E F a p(b). It is well-known that if n, A; < uj then there is g(n, k) < uj such 
that any set-mapping on g(n, k) of order k has a free set of cardinality n. (This is easy to 
see using elementary Ramsey theory, for example.) 

Let n,k < uj. 

We define /(n, k) by induction on k. Let /(n, 0) = 1, and let /(n, fe+1) = o(n, /(n, A;)). 
Theorem 5.1. Let k be regular and let A = (2 <K ) + . Then for all n, k < uj we have 




x m : m < n } U {(3} is O-homogeneous }. 



A- f(n,k) -> («-n,K- (A; + l)) 2 . 



16 



Proof. The proof is by induction on k. If k = then f(n, k) = 1 so we must show 
A — > (« ■ n, k) 2 , and this follows easily from Theorem 2.3, which implies A — > (A, k) 2 . 

So we may assume k > 0. Let m = /(n, k), and suppose ft : [m x A] 2 — > 2. Note that 
with the lexicographic order, m x A has order type A • m. 

Choose iVo -< Ni -< < iV m _i -< H(X+) such that N t E N i+1 , \Ni\ = 2 <K , N.nX E A, 

and [Ni] <K C iVj for all z. For each i let # = iVj D A. 

Let = {i} x A. Without loss of generality we may assume that for each % there is 
Hi such that Ai contains no 1-homogeneous set of type k • (rii + 1) but for all B C Aj, if 
\B\ = A then £? contains a 1-homogeneous set of type k- rii. Of course if > /c + 1 we are 
done, so we may assume rii < k for each i. 

By induction on £ < « we will define G A; fl iVo for each i < m, and we will obtain 
a set-mapping g% on m. 

Fix z, and let £) = { a E Ai : V77 < £ V? < m /{a, a^} = Pi), cij v } }. Since 
each a,j v E N and [iVo] <K C N , we have X(i,£) E N (note that the function assinging 
a jri to f{(i,Pi), cijr)} must be in N ). Since (i, Pi) E X(i,£) it is clear that |X(z',£)| = A. 

Now by A — > (A, k) 2 we may assume contains a 1-homogeneous set Y of order 

type k (so rii > 1 also), and we may assume Y E Nq since Nq -< H(X + ) and the statement 
that such a Y exists is true in H(X + ). If Y E Nq, then in particular Y C Nq as well. 

We define Y = Yq D Y\ D • ■ • D Y m with \Yj\ = k, as follows. Given Yj, let 
Yj + i = {y E Yj : f{(j,Pj), y} = } if this set has cardinality k; otherwise set Y,+i = Yj 
and put j E g%(i)- Finally, choose E Y m . Note that E Nq. 

For the following lemmas let us assume for convenience that Theorem 5.1 is false for k. 

Lemma 5.2. % g^(i). 

Proof. Suppose i E g$(i). Let C = { y E Yi : f{(i, Pi), y} = 0}. Since \C\ < k we 
have C E [N ] <K C N . Now (i, f3 z ) belongs to Z = { b E A t : Vy E Y % - C f{b, y} = 1 }. 
But Yi E Ni since it is defined using Y and the (3j for j < i and all these belong to iVj. 
Thus Z E Ni and since (i, Pi) E Z we must have |Z| = A. By our hypothesis on there 
is -B C Z, 1-homogeneous of type k • rii, and we may assume mini? > maxYi. But now 
(Yi — C) U B is 1-homogeneous of type k • (n$ + 1), contradiction. Hence i ^ <?f (*)• 
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Lemma 5.3. \g^(i)\ < f(n, k — 1). 

Proof. Again, suppose otherwise. For each j G g^(i), choose a set Cj G [lj] <K such 
that (j, 0j) e Zj = {b e Aj :Vy e Y 3 - C f{b, y} = 1 }. Then Z 3 G Nj, and \Z \ = A. 

By the inductive hypothesis for Theorem 5.1 we know A • /(n, k — 1) — > (k • n, k • fc) 2 . 
If we apply this to |J{ Z-,- : j G ^(z) }, which has order type > A ■ /(n, fe — 1), either this set 
contains a O-homogeneous set of type n-n (in which case we have established Theorem 5.1) 
or else it contains a 1-homogeneous set B of type K-k. But then BUY m — (J{ Cj : j G ^(*) } 
is 1-homogeneous of type k ■ (k + 1) and again we are done. Thus |^(i)| < /(n, — 1). 

Since there are only finitely many possibilities for we may assume that they are all 
the same. Say g% = g for all ^ < k. By the definition of m = f(n, k) and Lemmas 5.2 and 
5.3 we know there is a free set F for g of cardinality n. 

Lemma 5.4. If £ ^ r\ and j\,j2 G F then /{a^, a j2?? } = 0. 

Proof. Assume £ < rj, i = ji, j = ji- Since j g(i) we must have had G y m C 
Y i+i = {V eY i '■ fiUi Pj)iV} = } during the choice of a^. Hence /{(j, /?,■), a^} = 0, so 
necessarily f{aj V ,a^} = also. 

And now if F = {io, . . . , i n -i} and Xq, . . . , X n _i are disjoint subsets of k, each of 
cardinality k, then { : I < n and £ G X; } is O-homogeneous of type k ■ n. This 
completes the proof of Theorem 5.1. 

Corollary 5.5. A • u — > (k ■ ri)\ for all n < to. 

It is natural to ask whether the subscript in Theorem 5.1 can be improved. By 
Theorem 3.1 we know that if p < logK then A — > (k + p)\. If logK < k then a ^-closed 
forcing construction yields the consistency of A y4 (k + log/?) 2 , as in [Pr] (and we may 
arrange 2 K > A as well), and Corollary 5.5 shows A + — > (k • n)| for all n < uj. What about 
A + — > (k + log^) 2 ? No ordinal below A + will work in view of the following. Throughout, 
we assume k is regular and A = (2 <K ) + . 

Proposition 5.6. If X -/^ (k + log«) 2 then Va < A + a -f* (k + log «, k + log k, uj) 2 . 

Proof. Suppose / : [A] 2 — > 2 witnesses X -/^ (k + logn) 2 ,. Define g : [a] 2 — > 3 as 
follows. Let 7T : a — > A be a bijection (we assume A < a < A + ). If £ < n < a then let 
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v} = 2 if 7r(C) > ^l 7 ?) an d let rj} = /{7r(^), 71(77)} otherwise. It is easy to see that 
this works. 

Proposition 5.7. A + — > (k ■ n, k • n, k + l) 2 for aii n < uj. 

Proof. A proof exactly similar to Theorem 2.3 shows that A + — > (A + , k + l) 2 . Thus 
if / : [A + ] 2 — > 3, either there is a 2-homogeneous set of type k + 1 or else there is a set X 
of cardinality A + such that f u [X] 2 C {0, 1}. And now in the latter case Theorem 5.1 may 
be applied to find a subset of X homogeneous of type k ■ n. 

Question. Does A + — > (k + log «, k + log k, « + 2) 2 ? 

Assuming CH, the simplest nontrivial case is uj 3 — > + a;, a>i + a;, cui + 2) 2 (and 
2 W1 >w 3 ). 
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